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Abstract
Let A be an abelian group. The graph G is A-colorable if for every orientation −→G of G and for every  : E(−→G) → A, there is a
vertex-coloring c : V (G) → A such that c(w) − c(v) = (vw) for each vw ∈ E(−→G). This notion was introduced by Jaeger et al.
[Group connectivity of graphs—a nonhomogeneous analogue of nowhere-zero ﬂow properties, J. Combin. Theory Ser. B 56 (1992)
165–182].
In this note, we give a smaller example of planar graph, with 18 vertices, which is not Z4-colorable. The earlier example due to
Král et al. [A note on group coloring, J. Graph Theory 50 (2005) 123–129] has 34 vertices.
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1. Introduction
The notion of group coloring was introduced by Jaeger et al. [1]. For an abelian group A, a graph G is said to be
A-colorable if for every orientation −→G of G and for every  : E(−→G) → A, there is a vertex-coloring c : V (G) → A
such that c(w) − c(v) = (vw) for each vw ∈ E(−→G). The group chromatic number g(G) is the smallest integer k
such that G is A-colorable for any abelian group A of order k.
For plane graphs, group coloring is dual to group connectivity. A graph is A-connected, if for every orientation −→G
and for every  : E(−→G) → A, there is a A-ﬂow f of −→G such that f (vw) = (vw). In [1], Jaeger et al. prove that a
plane graph is A-colorable if and only if its dual is A-connected. Until now, it is unknown whether the property of being
A-colorable (or A-connected) depends on the structure or only on the order of A.
In [3], Lai and Zhang proved that the group chromatic number of any K5-minor free graph is at most ﬁve, using
techniques developed for choosability [7,6]. Thus, it implies that g(G)5 for any planar graph G. In [2], Král et al.
gave an example of 3-colorable planar graph with group chromatic number ﬁve and an example of bipartite planar
graph with group chromatic number four. Moreover, they observed that the results of [8,4,10,9] on choosability can
be translated to group coloring. As the notions of choosability and group coloring seem to be related, Voigt, Král et al.
and some other researchers independently conjectured that:
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Fig. 1. The graph H.
Conjecture 1. Let G be a graph, then:
l (G)g(G)
where l (G) is the list chromatic number of G.
In this note, we present a 3-colorable non-Z4-colorable planar graph having 18 vertices. The earlier one presented
in [2] has 34 vertices. Our example is based on the smallest known non-4-choosable planar graph of Mirzakhani [5]
which contains 63 vertices.
Theorem 1. There exists a 3-colorable non-Z4-colorable planar graph having 18 vertices.
2. A small non-Z4-colorable planar graph
We now present a 3-colorable planar graph H, which is notZ4-colorable. This graph is depicted in Fig. 1.At the same
time, we provide a “bad” orientation −→H and a “bad” edge-labeling . Given this orientation −→H and this edge-labeling
, we show that there does not exist a vertex-coloring c such that c(w) − c(v) = (vw) for each vw ∈ E(−→H ).
If there exists a Z4-coloring of H, we can assume that the vertex v is colored with 0. The available colors for
xi, yi, zi, ti for i = 0, 1, 2 are the following:
c(v) c(x0) c(x1) c(x2) c(y0) c(y1) c(y2) c(z0) c(z1) c(z2) c(t0) c(t1) c(t2)
0 1,2,3 0,1,3 0,2,3 0,1,2 0,2,3 1,2,3 0,1,3 1,2,3 0,1,2 0,2,3 0,1,2 0,1,3
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First, observe that in any coloring of H, the vertex t0 is colored with 2 or the vertex z0 is colored with 1. Suppose in
contrary that neither the color of t0 is 2 nor the color of z0 is 1. It follows that t0 and z0 are colored, respectively, with 0
and 3, or with 3 and 0. In the ﬁrst case, this implies that the vertices z1 and z2 must be colored, respectively, with 1 and
2, or 2 and 1. Now, the vertex z cannot be colored (the vertices z0, z1, z2, t0 have four distinct colors). In the second
case, this implies that the vertices x0 and y0 must be colored, respectively, by 1 and 2, or 2 and 1. Now, the vertex u
cannot be colored (the vertices t0, x0, y0, z0 have four distinct colors).
Hence, suppose that t0 is colored with 2. It follows that:
(1) The vertex x0 must be colored with 1: otherwise, if we color x0 with 3, the vertices t1 and t2 must be colored
with 0 and 1. Consequently, the vertices t0, t1, t2, x0 have four distinct colors and the vertex t cannot be colored.
(2) The vertex y0 must be then colored with 0: otherwise, if we color y0 with 2, the vertices x1 and x2 must be
colored with 0 and 3. Consequently, the vertices x0, x1, x2, y0 have four distinct colors and the vertex x cannot
be colored.
(3) The vertex z0 must be then colored with 3: otherwise, if we color z0 with 1, the vertices y1 and y2 must be
colored with 2 and 3. Consequently, the vertices y0, y1, y2, z0 have four distinct colors and the vertex y cannot
be colored.
(4) Now, the vertices t0, x0, y0, z0 are colored by 2, 1, 0, 3, respectively, and the vertex u cannot be colored.
Suppose now that z0 is colored with 1. By the same arguments, the vertices y0, x0, t0 must be colored with 2, 3, and
0, respectively. It follows that the vertex u cannot be colored. That completes the proof.
By using the same orientation and by replacing in the edge-labeling 0, 1, 2, 3 by (0, 0), (0, 1), (1, 0), (1, 1), respec-
tively, it is easy to see that H is not Z2 × Z2-colorable.
Let nA be the minimum number of vertices of a planar graph which is not A-colorable. By the above example,
nZ418.
Problem 1. What is the exact value of nZ4?
As noted in Introduction, it is unknown whether the property of being A-colorable depends on the structure or only
on the order of A.
Problem 2. Does there exist a Z4-colorable (planar) graph which is not Z2 × Z2-colorable or a Z2 × Z2-colorable
(planar) graph which is not Z4-colorable?
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